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ABSTRACT 

In the symplectic Lagrangian framework we newly embed an 
irreducible massive vector-tensor theory into a gauge invariant 
system, which has become reducible, by extending the configura- 
tion space to include an additional pair of scalar and vector fields, 
which give the desired Wess-Zumino action. A comparision with 
the BFT Hamiltonian embedding approach is also done. 
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1 Introduction 



The Dirac quantization method [1] has been widely used in order to quantize 
Hamiltonian system involving first- and second-class constraints. However, 
the resulting Dirac brackets may be field-dependent and nonlocal, and thus 
pose serious ordering problems. The BRST quantization [2] on the lines of 
Dirac established by Batalin, Fradkin, and Vilkovisky [3] , and then improved 
in a more tractable and elegant Hamiltonian embedding by Batalin, Fradkin, 
and Tytin (BFT) [4], does not suffer from these difficulties, as it relies on a 
simple Poisson bracket structure. As a result, this embedding of second-class 
system into first-class one has received much attention in the past decade 
[5, 6, 7]. 

While the various quantization methods based on the Hamiltonian formu- 
lation are developed for general types of gauge theories, Faddeev and Jackiw 
[8] have introduced an equivalent scheme based on a first order Lagrangian 
which does not need to classify constraints as primary, secondary, etc. Since 
this scheme deals with less number of constraints than that of Dirac, it is 
proved to be relatively simple to find the Dirac brackets. After this work, 
there are numerous related analyses [9, 10, 11]. In particular, we had shown 
that in this framework, a gauge non-invariant theory can be embedded into 
a gauge invariant one by investigating the properties of the symplectic two- 
form matrix and its corresponding zero modes [12]. Recently, there are some 
renewed interests [13, 14, 15] in the subjects of symplectic embedding includ- 
ing noncommutative theories. 

On the other hand, antisymmetric tensor fields, which first appear as a 
mediator of the string interaction [16], have been much interested in an al- 
ternative of the Higgs mechanism [17, 18]. With the topologically interacting 
term of the form B AF, the physical degree of freedom of the antisymmetric 
rank two tensor field B is absorbed by the vector field, making it massive. 
This mechanism is considered generic in string phenomenology [19]. More- 
over, various dual descriptions between different theories have been widely 
studied where the antisymmetric tensor field plays an important role in re- 
alization of dualities [20, 21]. These dual relations were also independently 
confirmed by defining dual operations on the space of pairs of different gauge 
forms [22]. These were a surprising result that, as like the well-known dual 
equivalence [23] of the first order self-dual theory and Maxwell-Chern-Simons 
theory in d — 3, they have all shown that the first order master action even 
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in d — 4 has a dual relation with the Maxwell-Kalb-Ramond (MKR) the- 
ory. Recently, it has shown that through the BFT embedding technique the 
gauge non-invariant master action is equivalent to the gauge invariant MKR 
theory [24]. Very recently, we have generalized their results to include both 
the gauge symmetry breaking term and the topological coupling one [7], re- 
sulting in a new type of Wess-Zumino (WZ) action [25] as well as the usual 
Stiickelberg one. 

This paper is organized as follows. In section 2, we briefly show the dual 
relation of the first order master Lagrangian between the Abelian Proca and 
the Kalb-Ramond (KR) massive theories classically by using the equations 
of motion. Then, we explicitly carry out the symplectic quantization for 
this gauge noninvariant Lagrangian. In section 3, we embed this master 
Lagrangian into a desired gauge invariant one, and make clear the relation 
between the "trivial" zero modes and the symmetry transformations. We also 
explicitly show that one of the "trivial" zero modes is related to a reducible 
constraint. In section 4, we compare the result of the symplectic embedding 
with the BFT one. Our conclusion is given in section 5. 

2 Symplectic Quantization of the Master La- 
grangian 

In this section, we reconsider the first order Lagrangian [21] for the Abelian 
massive vector and tensor fields, and quantize it explicitly through the sym- 
plectic scheme. This Lagrangian is not only known to have the dual relation 
with the MKR Lagrangian [7, 21, 22, 24], but also plays a role of a master 
Lagrangian of the Proca and the KR models. 

First, let us briefly review that the following first order Lagrangian 

£ = -\b, v B^ + l -A^ + -1 w iW^ (2.1) 

describes classically the massive Proca and KR theories simultaneously, i.e., 
the Lagrangian (2.1) is a master Lagrangian 5 of the mentioned two theories. 
By varying the Lagrangian with the fields A^ 1 and B' 11 ', one obtains their 

5 For a quantum mechanical treatment, see the Ref.[21]. 
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equations of motion as 

Bun £iivpcrd P A = 0, 

m 

A^ + ±-^ upa d v B"° = 0, (2.2) 

respectively. By eliminating the antisymmetric B pv fields from the La- 
grangian (2.1), the Proca model is obtained as follows 

Cproca = "4^2 + \A^. (2.3) 

Similarly, by using the equation of motion for the field A^ - , one could obtain 
the KR Lagrangian as 

C KR = Y^G^G^ - \B, V B^. (2.4) 

This shows that the first order Lagrangian (2.1) is the master Lagrangian of 
the two massive theories at the classical level. 

On the other hand, according to the symplectic scheme [8, 9], it is easy 
to find their symplectic brackets in a few steps equivalent to the Dirac ones 
in the Hamiltonian formulation as 

{A\x\A\y)} = di6(x-y), 

{A^x),^)} = m 2 5)5{x-y) (2.5) 

for the Proca model [14] as well as 

{B 0i (x),Bi k (y)} = (5^d k x -5 ik di)5(x-y), 
{BV(x),* u (v)} = m 2 (5l5{-5i5])5{x-y) (2.6) 

for the KR theory [26]. 

Now, in order to implement the usual symplectic quantization of the 
master Lagrangian itself which is composed of two kinds of the fields with 
different ranks as well as their topological coupling term, we rewrite the 
Lagrangian to an alternating first-ordered one from symmetrized form of Eq. 
(2.1) as 

£ (0) = - ^- €ijk A k B^ - H (0) , (2.7) 

Am Am 
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where the Hamiltonian is 



H (o) 



-B 



1 

2 M 



m 2m 



- -A„A^ - —e,, k B 0l d J A k - — A Q e ijk 8 l B jk . 



(2.8) 



Here, we adopt the conventions: eo^fc = e^, e = +1, and = (H ). 

As is clear in the Lagrangian (2.7), there are no needs to introduce additional 
auxiliary fields such as momenta because it already has the form of first order. 

Then, we identify the initial sets of symplectic variables and their conju- 
gate momenta from the first order Lagrangian as follows 



£(0)a = (A\B ij ,A°,B 0i ), 



(2.9) 



Note that the coefficients of the fields having time derivative in the canonical 
sector play the roles of momenta, and B tj in the symplectic variable 
denote the independent component fields such as B 



B r \B 2 \B 



?31> 



m 



order, collectively, while any contracted indices are understood to be summed 
over unless otherwise mentioned. From the definition of the symplectic two- 
form matrix [9]: 

f i x 9a p (y) da a (x) 
we explicitly obtain the following zeroth-iterated matrix 



/ O 



V 



1 
O 





— * 




o 



o 

T 



o \ 
o 
6 T 
o J 



5(x - y). 



(2.11) 



The tensor components e^), are given by 



-i(jk) 




(2.12) 



where the i/j'/c-components outside/inside the parenthesis denote explicitly 
the vector/tensor fields, and behave as like the totally antisymmetric tensor 
e^k, similar for e^k- Thereinafter, let us omit the parenthesis otherwise a 
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confusion arises. We also denote that in the matrix f^l the O, and T sym- 
bols stand for a 3 x 3 null matrix, a three-dimensional column null vector, 
and its transpose, respectively. Since we easily know that the matrix f^p is 
singular, there exist four-fold infinities related to zero modes, 9^ T (a, x), la- 
belled by discrete indices a = (e 1: e 2 ) with e 2 = ((e3,, 0, 0), (0, e\, 0), (0, 0, e^)), 
where ei and e*2 are arbitrary functions of the continuum label x, explicitly 
with components 

z>f T ( ei ,x) = (0,0, ei ,0), 

z>f T (e 2 ,x) = (0,0,0,62). (2.13) 

Therefore, the four- fold zero modes i>^ T (a, x) generate four corresponding 
Lagrangian constraints Q €1 and Q? 2 defined as 

d_ 

' d£<®°(x) 



J dx Q a (x) =Jdx ^(^^q^U) I dy ni ° ){y) = °' 
such that 



2m 

a- 2 = B 0l - -e ijk &A k = 0. (2.14) 
m 

These constraints should be conserved in time, which requirement is incorpo- 
rated into the Lagrangian (2.7), resulting in an extension of the symplectic 
space with auxiliary fields, a, f3\ which correspond to Lagrange multipliers. 
As a result, the first iterated Lagrangian is written as 

= ^-tijkXB* - -^-e ijk B ij A k + Q ei a + - H {1 \ (2.15) 
4m 4m 2 

where the first-iterated Hamiltonian is given by 

n^(0 = w<°>kM> 



as 



l Bij B" - X -A^ - ±B 0i B 0i + ^A A°. (2.16) 
We have now for new symplectic variables and their conjugate momenta 

£(l)a = {A^',A , 5°*, «,/?}, 
(J_ ( 

1 4m 



= ^— e ijk B^\-^-e ijk A\Q^,Q ei ,Q e ^. (2.17) 
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The first-iterated symplectic matrix is again obtained as 



/ O 



m e ijk 

o 

£ijkd k 



m Ujk 

O 

o 

O 







— * 



-1 

— * 





o 
o 

o 





■^ijkd k 

1 

— * 




— * 





^ijkd h 

o 

o J 



S(x - y). 



(2.18) 



One can now easily see that this matrix has an inverse as 



{f$iy\x,v) 



where 








me ijk 


Qi 















me ijk 








F24 












d i 


T 





T 


-1 


T 




















Sij 






T 




1 


T 





T 




V 








— * 




Sij 


— * 







) 






( d 2 


-d 1 













F24 = 





d 3 


-d 2 


) 










V -d 3 





d 1 









S(x-y), (2.19) 



(2.20) 



Since there are no more new non-trivial zero modes, the iteration process is 
stopped at this stage. From this inverse matrix we easily read the desired 
nonvanishing symplectic brackets for the vector and the tensor fields as 



{A\x),A\y)} 
{A\x),B^ k {y)} 
{B°\x),BJ k (y)} 



dlS(x-y), 
me ljk S(x — y), 

(8»& x -S*d> x )6(x-y). (2.21) 

This ends the usual symplectic procedure with the only four true constraints 
in Eq. (2.14). 

Comparing this symplectic scheme with the Dirac formulation, one easily 
sees that the former has less number of the constraints than that of the 
latter which has 14 constraints shown in Eqs. (4.2) and (4.3) in section 4, 
does not need to define primary constraints, and thus more efficient to get 
the brackets. In this respect, it is generally understood that the symplectic 
method deals only with true constraints while Dirac's one over-constrained. 
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3 Gauge Invariant Symplectic Embedding 



In this section, we embed the first order master Lagrangian without resorting 
to the Hamiltonian method, which is the usual way of getting corresponding 
gauge invariant Lagrangian. In the usual BFT embedding scheme, one first 
works with full Dirac constraints and Hamiltonian defined in the phase space, 
converts them into gauge invariant ones through the systematic BFT scheme 
in an extended phase space, and finally using the path integral methods 
performs a series of integrations for momentum variables to find out a cor- 
responding gauge invariant Lagrangian in an extended configuration space. 
Compared with this rather long procedure, the gauge invariant symplectic 
embedding scheme has its merit of simplicity based on the singular property 
of the symplectic matrix with corresponding "trivial" zero modes which will 
be defined shortly. 

The idea is simply to consider that a desired gauge invariant Lagrangian 
resulting from an embedding procedure would be provided by 

Ct = Co + Cwz, (3.1) 
where the Lagrangian Co is the symmetrized original master Lagrangian 

£(0) 

in Eq. (2.7). Then, the symplectic procedure is greatly simplified, if we make 
the following "educated" guess for WZ Lagrangian 6 , respecting the Lorentz 
symmetry, 

c wz = c^ewe + c 2 A^e + c 3 q^ + c 4 £^q^, (3.2) 

where = d^Q u — d u Q^. Here 6 and Q^ 1 are gauge degrees of freedom 
with respect to the original fields A M and B^ u , respectively. As an Ansatz 
for a consistent Lorentz covariant embedding, we shall take the coefficients 
ci,C2,C3,C4 to be constants, and we will fix these by the condition that a 
finally iterated symplectic matrix has "trivial" zero modes on the one hand 

6 Similar to the Proca model [14], one could consider the Ansatz more general and 
manifestly Lorentz invariant functions of WZ Lagrangian composed of a scalar 9 and vector 
fields Q M , however those consideration only adds unnecessary calculational complication. 
On the other hand, in recent works [15], there makes an attempt on the Lagrangian 
embedding a bit systematic, however in practice it seems very complicated even in the 
simplest one-form cases [12, 13, 14] including the Proca model. Furthermore, it may be 
intractable to apply the method to reducible systems, including the massive vector-tensor 
theory with topological coupling. 
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and these zero modes should generate no new constraints on the other hand. 
Furthermore, we will show that the "trivial" zero modes related with the 
finally iterated symplectic matrix correctly yield proper rules of gauge trans- 
formation including a first-stage reducible trivial zero mode associated with 
a reducible constraint. 

Now, we could read the canonical momenta of the total Lagrangian as 

tt = -c 2 9, Ti e = 2ci<9, 

7T i = -2c 4 Qj, Pi = 4c 3 (Qi - diQo). (3.3) 

Here, we have used the partially integrated Lagrangian for the second and 
fourth terms in Eq. (3.2) in order to easily show the coincidence with the 
constraints obtained from the BFT embedding in section 4. Along with 
these auxiliary variables (momenta), to implement the symplectic procedure 
as like in the previous section, we write the total Lagrangian (3.1) in the 
first-ordered form as 

4 0) = ^e^'*^-;^^ (3.4) 
where the Hamiltonian is given by 

^ = -BuvB^ v - \a„A» - -e iik B 0i d j A k - — A^e ljk d l B' k 
t 4 2 " m 3 2m J 

+ -^-4 + ^-PiP 1 - - c 2 A l diQ - c z Q l3 Q 13 - c A B l3 Q ij 

4Ci 0C3 

+ P t d l Q° + 2c 4 B 0l d t Q . (3.5) 

Then, the initial set of symplectic variables and their conjugate 

momenta are given by 

£(o)« = (^4^ B ij , 6, Tig, Q\ Pi, A°, B 0i , Q°), 

= (^ e iJkB j \-^e ijk A\n e ,0, ^,^,-026,-20^,0). (3.6) 

From the above set of the symplectic variables we read off the symplectic 
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matrix denned in Eq. (2.10) to be 



faf3( X ,y) 






1 , 














— * 







\ 


1 , 

m tijk 

T 



T 








-1 



T 



T 


— * 



-c 2 



T 


— # 





T 


T 


1 





T 


T 





T 

























ICufiij 

















Sij 
T 














T 


T 


c 2 





T 





T 














— * 




-2c 4 % 























— * 
















o ) 



S(x- 



V 

(3.7) 

which is manifestly singular as we observe the last null row and column, and 
thus the matrix has non-trivial zero modes given by 



v. 



(0)T, 



(0 r ,0 r ,0,-c 2 e 1 ,0 r ,0 r ,e 1 ,0 r ,0), 
(0 T ,0 T ,0,0,0 T ,2c 4 e^,0,e^,0), 
(0^,0^,0, 0,0^, 0^,0, 0^,63). 



(3.8) 



Applying these zero-modes from the left to the equation of motion we have 
obtained constraints CT = (0 ei , (f)? 2 , es ) as 



<t>e 2 = B oi --6ij k d j A k --^P i = 0, 



£3 



m 2c 3 
d 1 Pi + 204^5°' = 0. 



(3.9) 



Next, following the symplectic algorithm for theories having gauge sym- 
metry [9, 12, 14], we obtain the first-iterated Lagrangian by enlarging the 
canonical sector with the constraints <f) a and their associated Lagrangian 
multipliers (a, ^,7), respectively, as follows 



" 4m ijk 



1 

4m 



(3.10) 
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where Tift = H^l,/, =q is the first-iterated Hamiltonian. We have now for 
the first-level symplectic variables and their conjugate momenta 

= (^,^,^7r e ,Q\P,,A , J B \a,^,7), 
and the first-iterated symplectic matrix now reads as 



f (0) M- 



(3.12) 



where the submatrix refers to the 

J a/3 



(^p^t^q*,^ ,^) 

sector, and Ma ff is a 18 x 5 matrix defined as 



/ 



M &a (x,y) = 






C2 







1 

— * 





n J y 

o 
o 

2c 3 °y 

T 
-Sij 








— * 



di 



\ 



5(x - y). 



(3.13) 





\ -dij 2c 4 cf ) 

Then, this symplectic matrix, which contains no null rows and columns, is 
seemingly non-singular. Note that we observe the Q° term does not appear in 
the canonical sector of the Lagrangian as well as in the Hamiltonian 1~6p 
due to the use of the constraint <p e3 . It is also important to eliminate the Q° 
field in the first-iterated level in the technical point of view. Keeping Q° field 
in the Lagrangian makes trouble in the symplectic matrix because there 
is always zero row or column due to the absence of its conjugate momentum 
in a^(£). It prevents us from finding desired zero modes. 

Now, the essential point of the symplectic Lagrangian embedding [12, 13, 
14, 15] is this: in order to realize a gauge symmetry in this approach, the 
matrix (3.12) must have at least one "trivial" zero mode which does not 
generate a new constraint. In our case, the solution of 



dyf$l(x,y)vP(y)=0 
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yields the following "trivial" zero modes 



v. 



ei, x) = (O 7 , T , 0, -caei, 1 , J , ei, J , 0, J , 0), 



nT n nT 



^ 1)T (e 2 , x) = (0 r , T , 0, 0, r , 2c 4 e 2 , 0, ? 2 , 0, T , 0), 



nT 



1 



z/W T (e 3 , x) = (d*e 3 , r , --e 3 , 0, T , r , 0, r , e 3 , 0^, 0), 

C 2 

1 



^ 1)T (4*) = (o r ,F^e4,o,o,--^r4,o J ',o,o J ',o,r 4 ,o), 

2c 4 

z/« T (e 5 , x) = (0 r , T , 0, 0, c^, T , 0, O r , 0, O r , e 5 ), (3.14) 

where is defined in Eq. (2.20), while giving the relations for the free 
adjustable coefficients 



2ci, 



-C 3 , 



(3.15) 



which are obtained from the single- valuedness of the zero mode functions. 

For consistency, we can confirm that these zero modes do not really gen- 
erate any new constraint provided we apply them to the right-hand side of 
the equations of motion 

d_ 



J dx uW(a, g ) g£(i) a ^ / d V ^riv) = °> <*= ( e i> ? 2 , e 3 , e* 4 , £5), 
explicitly as 



dx z/ 1)T (ei,x 

/dx^(6 2 ,X 

fdxvW(e 3 ,x 
jdxz/« r (e 4 ,x 
/dx^(e 5 ,x 



5 



^(!) a (x 
5 



5 



(J^ 1 )«(a; 
5 



<$f(i)«( 



x 



dy H {1 \y) 
dy H {1 \y) 
dy H {1 \y) 
J dy H^(y) 
dy U {1 \y) 



- j dx ei0 ei = 0, 
j dx e 2 ?2 = 0, 

0, 



dx e 3 (l - -^)d z A* = 0, 



dx e\{\ + -)&B l3 = 0, 
C3 



(3.16) 



where the third and fourth equations are reconfirmed by using the relations 
in Eq. (3.15). Since the last equation concerning the zero mode €5 identi- 
cally vanishes, this false zero mode plays no role at all, reflecting that the 
symplectic scheme deals only with true constraints. 
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Therefore, before proceeding further to the symplectic embedding algo- 
rithm, with these determination of the coefficients we should go back to the 
first-iterated level (3.10) because the constraints are now not all independent, 
i.e., we can identify the last two constraints in Eq. (3.9) as 



which means a gauge invariant Lagrangian for what we are seeking is re- 
ducible. In this case, in order for resolving the reducible constraint, we have 
to modify the auxiliary field as f3 l — > f3 l — 2c 4 <9*7. Then, a pair of the sym- 
plectic variable and the momentum, (7, £3 ), are absorbed into the modified 
f3 % variables. This also modifies the symplectic matrix (3.12) to a new one 
which does not have the last row and column like the one in (3.7). Finding 
solutions having new zero modes is exactly equivalent in the corresponding 
"trivial" zero modes (3.16) to set the e 5 -parameter zero. This clearly explains 
why the last zero mode in Eq. (3.14) does not generate any new constraints 
but vanishes identically. 

On the other hand, we could also interpret these results in view of linear 
dependence of the "trivial" zero modes as follows: In the zero mode solutions 
(3.14) we have explicitly inserted the gauge parameters e a keeping the form 
of gauge transformations (3.21) in mind. Instead, since we could normal- 
ize them by introducing the delta functional 7 in the symplectic embedding 
scheme [14], we then have the last two zero modes in Eq. (3.14) explicitly as 



where a denote the component fields as £5, = (A 1 , B lj ,9,7r e ,Q l , P { , A , B° l ) 
and e is a unit 3-dimensional vector. Then, we easily see that the zero mode 



7 We can also label the zero modes as follows: Va,y(cr, x), (a = 1, N), where "/" refers 
to the "level", a, y stand for the component, while <r, x label the AT- fold infinity of zero 
modes in 1Z 3 . See more details in Ref. [14]. 



(3.17) 




(3.18) 




(3.19) 
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showing that it is not linearly independent, i.e., reducible. In this point 
of view, we would call it, (es,x), as a 'first-stage reducible' trivial zero 
mode. This extends previously known results [12, 13, 14, 15] in which the 
existence of "trivial" zero modes, or equivalently no new constraints are 
generated in the symplectic framework, implies gauge symmetry in system 
to include the first-stage reducible case. 

As a result, we arrive at the final result on the symplectic embedding 
of the massive vector-tensor theory with topological coupling. The desired 
gauge invariant Lagrangian is now explicitly written as 

C'T — £>0 + £>WZ 

= -\{B^ - 2c 4 Q^) 2 + ^(A, + c 2 d fl 6) 2 + l-e^B^dTA*. 

(3.20) 

This ends the Lagrangian embedding in the symplectic setup. 

Now, in order to discuss gauge transformation, we consider the symplectic 
matrix (3.12). As has been shown in Ref. [9, 12], the "trivial" zero modes 
generate gauge transformations on the symplectic variable ^ in the sense 

S^ a (x) = £^ 1)T (cr, x ) ) cr = (ei, e 2 , e 3 , e 4 ). (3.21) 

We thus obtain the gauge transformations of the symplectic variables from 
Eq. (3.14) as follows 

5A° = ei, dA^d'es, 59 = --e 3 , 

c 2 

5B 0t = el 5B lj = -(0*4 5Q l 

except the missing transformation 5Q° which cannot be obtained at this 
stage due to the elimination of the Q° component in the first-iterated level 
of the procedure. This is very similar with the BFT Hamiltonian embedding 
for the constrained reducible system in which we should introduce the Q° 
field in the path integral measure in order to keep manifest covariance in the 
Lagrangian 8 . 

8 We will discuss this explicitly in the next section. 



= -7^4 (3-22) 
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To find out explicitly the gauge transformation for the Q° field as well as 
any existence of possible restrictions to the gauge parameters, let us consider 
the total variation of the Lagrangian (3.20), which transforms as 

5C T = (A + C2 ^)(e 1 -9 e 3 ) 

+ {-e ijk &A k -B 0t + 2c A Q 0l )(ei i + d el + 2c 4 d t 5Q ). (3.23) 
m 

Therefore, if we identify the gauge parameters as 

e 1 = d°e 3 , e 2 = -(<9°e* -<9*e°), (3.24) 
along with a new parameter e° defined as 

5Q° = (3-25) 

we can make the total Lagrangian Ct gauge invariant. As a result, this 
Lagrangian is invariant under the final gauge transformations as 

5A» = d»e 3 , 59 = -— e 3 , 

c 2 

SB^ = d u e%), ^ = --*- e £. (3.26) 

2C4 

Therefore, by considering purely the symplectic Lagrangian embedding, we 
have found the gauge invariant Lagrangian as well as their full gauge transfor- 
mations including 8Q°. Note that the coefficients c 2 , C4 can be either rescaled 
on the variables as (9,Q^) — > (c 2 9,2c4Q^), or fixed as c 2 = ±l,c 4 = ±|. 
Then, the resulting Lagrangian is reduced to the well-known gauge embed- 
ded form of the massive vector-tensor theory with topological coupling, 

C T = -\{B, V - Q, u ) 2 + + d,9f + ±- e^B^dfA*, (3.27) 

where we set the free adjustable coefficients as c 2 = 1 and c 4 = 1/2, and this 
Lagrangian is invariant under 

6 A" = d^e, 59 = -e, 

SB 1 ™ = d^t v - d u e», 5Q^ = e", (3.28) 
where the gauge parameters are redefined as e = e 3 and e M = —€4. 
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4 Revisited BFT Embedding 



In this section, we will compare the symplectic Lagrangian embedding with 
the previous work [7] of the BFT Hamiltonian one, which makes second- 
class constraint Hamiltonian system into corresponding first-class one in a 
systematic way. 

First, let us start with the canonical momenta from the symmetrized 
form of the Lagrangian (2.1) as 7T = 0, 7Tj = -^€ij k B^ k , 7r 0i = 0, and = 
~~im e ' i i k ^ k m or d er to analyze the Hamiltonian structure of the model. Then, 
we have obtained the primary Hamiltonian in the Dirac's terminology as 



along with their associated Lagrange multipliers A , A 1 , S *, and 

There are four additional secondary constraints which are obtained from 
the time stability conditions of the primary constraints 7r and 7r j as 



As expected, the Lagrange multipliers S u , A* corresponding to the constraints 
Qi, Qij are fixed under the time stability condition, and the other ones A , S 0t 
are determined by the consistency requirement of the secondary constraints 
A, Aj, respectively. 

Then, the full set of these constraints makes the constraint algebra second- 
class as 




(4.1) 



(4.2) 



A = A + ^-e ijk d l Bi k « 0, 
2m 

A, = B 0t - - tl3k &A k ^ 0. 



rn 



(4.3) 



{tt ,A} = -5(x-y), 
{ir i,Aj} = -SijS(x-y), 

{Qi,Q jk } = € ijk 8(x-y), 



(4.4) 
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where we have redefined the secondary constraints as A + d l Vti — > A = <9Vj + 
A + -L-e^diBjk w 0, and A; + -> A* = dH l3 + 5 0i - ^e ijk & A k « 0. 
These new definitions make the constraint algebra have no derivative terms. 
As a result, we have easily obtained the following Dirac Brackets 

{A°(x),A\y)} D = di8(x-y), 
{A\x),B^ k (y)} D = -me^Six-y), 



{B 0i (x),Bi k (y)} D = (S ij d k x -5 ik di)5(x-y), 

1 

— < 

2 



{A i (x),n j (y)} D = -5)5{x-y), 

{A°{x),ir tj {y)} D = -—e ijk d k 5(x-y), 

{ni(x),B 0j (y)} D = ^e ijk d k 5(x -y), 

{ni{x),-K jk (y)} D = -^-€ ijk 8(x -y), 

{B^(x),My)}D = \m - SlSi)5(x - y) (4.5) 

for the massive vector-tensor theory with topological coupling. 

Now, let us briefly recapitulate the BFT Hamiltonian embedding for this 
theory. In order for that purpose, we have introduced auxiliary fields having 
involutive relations in which not only modified new constraints in the en- 
larged space are strongly vanishing with each other, but also they have the 
vanishing Poisson brackets, not the Dirac brackets, with physical quantities 
such as Hamiltonian and fields themselves. Through this BFT prescription, 
after introducing auxiliary fields paired as (0, ire), (Q % , Pi), and ($\ $ jfe ), we 
have obtained the strongly involutive primary 

TTO = ^0 + K 0i = 7T 0i + Qi, 

Qi = + n ij = n ij + —^ ij , (4.6) 

and secondary constraints 

A = A + TT e = A + -^—e ijk d i B jk + n e , 

Aj = hi + Pi = B 0i — -e ijk d j A k + Pi. (4.7) 

m 



16 



Moreover, the strongly involutive physical fields are also obtained as 
A = A° + n e , A 1 = A i + 3*9 - \e ijk $ jk , 



VTOi = VT 0i + Qi, 7Tij = ITij ~ ^^3^6 + y^&ij- ( 4 - 8 ) 

Note that all these physical fields are terminated in the first order of the 
auxiliary fields, and the Poisson brackets of these fields in the extended phase 
space are exactly same as the Dirac brackets (4.5) in the original phase space. 

On the other hand, by using the strongly involutive physical fields (4.8), 
we have also obtained the extended canonical Hamiltonian as 

He = \(B ij -Q ij ) 2 + ±me ijk {B i * -Q^-^m 2 ^ 

- l -{A t + d.fif + l -e l3k {x + m)& k + 

+ hB 0l + P t ) 2 - -e ijk (B 0i + P i )d^A k - -(B Qi + P l )d J ^ 
2 m m 

- 1 -{A Q + n e ) 2 - ^-(A + iretejk&B* + (A + n e )d^\ 

+ tyqA + PjAj, (4.9) 

where the last two terms are added to generate the Gauss' constraints cor- 
responding to the constraints, tc , 7f i, consistently. Then, the generating 
functional for the extended first-class systems is given by 

Z = J VA^ViT fl VB^ViT^V9VirgVQ i VP i V&V¥ j 

x ^^(r^detK^T^Ie* 5 , (4.10) 

where 

S = J d 4 x L> + 7T 0t B 0i + + n e + P t Q l + ^e ijk ¥& k - % 

(4.11) 
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and T a are appropriate gauge fixing functions which have nonvanishing Pois- 
son brackets with the modified first-class constraints ip a = (jr , 7r i, A, Aj, Jlj, f^). 

Now, by performing the momenta integrations in the generating func- 
tional as usual [14], we have finally obtained the gauge invariant Lagrangian 
corresponding to TC C as 

Z = J VA^VB^V6VQ^V¥v¥ j 5(Q°)5(T^det | {£ a ,I» | e iSr , (4.12) 

where 

St = J d 4 x (C GE + C NWZ ) , (4.13) 
1 .1 1 

l~-GE 
C-NWZ 



= ^-e ljk W jk + 



F; 



iO 



^e ijk {B* - Q jk ) + ^ 



-e ljk (A l + #9) + -d k B 0j + ^d B jk + 



$ jfc , (4.14) 



where Cqe is the gauge embedded Lagrangian and Cnwz is a new type of 
the WZ Lagrangian. Note that we have introduced the delta functional of a 
variable Q° in the measure which serves the final gauge embedded Lagrangian 
Cqe manifestly covariant. 

On the other hand, the infinitesimal gauge transformations for the fields 
are given as 



56 



-d»e A + 5»e> A , SB^ 



9>? B - d»e B + (eg - e£)« 



m 



Jjk B 



(4.15) 



from the generator of the gauge transformation 9 , the first-class constraints 
(4.6). The transformations related to the gauge symmetry are exactly same 
as the ones (3.26) obtained from the symplectic Lagrangian scheme. On the 
other hand, the other parameters e A , e l B in Eq. (4.15) are not related with 
the gauge symmetry. These parameters are associated with the symplectic 
structure of the topological coupling, which are absent in the symplectic 

9 See Ref.[7] for details. 
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Lagrangian scheme. Since in the latter scheme the topological coupling term 
is already of first ordered, we have no need to introduce the auxiliary fields 
(momenta) which have become the gauge generators in the former scheme. 
As a result, the new type of the WZ Lagrangian, which may lack manifest 
covariance, is indeed invariant under the extended transformations including 
these parameters. Moreover, by fixing unitary gauge conditions such as = 
^ = 0, the new type of the WZ Lagrangian identically vanishes, while the 
strongly involutive constraints A, A 1 in Eq. (4.6) become exactly same with 
the true ones <f> ei , (pg 2 in Eq. (3.9) generated from the symplectic embedding 
procedure, respectively. 

It is also important to note that in the generating functional (4.12) there 
exists the delta functional of the variable Q° which transforms as SQ° = e%. 
We have introduced this new field to make the final Lagrangian manifestly 
covariant. Even without this Q° field, we can show that the resulting La- 
grangian successfully reproduces all the BFT embedded constraint structure. 
However, in that case, it will lose manifest covariance. Indeed, we have in- 
troduced the new variable Q° in order for keeping the manifest covariance, 
while giving up the irreducible property between the constraints [7]. 

5 Conclusion 

In this paper we have quantized a massive vector-tensor theory with topo- 
logical coupling which is a first order master action of the Proca and the 
Kalb-Ramond models. We have adopted the symplectic scheme since it pro- 
vides relatively simple way of getting the Dirac brackets rather than that of 
Dirac for the Lagrangian having seemingly complicated antisymmetric ten- 
sor fields. In particular, we have shown that our model has the only four 
constraints in the symplectic scheme in contrast to the Dirac (or, BFT) for- 
malism having the fourteen constraints. Moreover, we have demonstrated 
how the BFT embedding scheme of second-class system into first-class one 
can be realized in the framework of the symplectic approach to constrained 
system. Rather than proceeding iteratively as in the BFT embedding ap- 
proach, we have greatly simplified the calculation by making use of manifest 
Lorentz invariance in our Ansatz for the WZ term. 

Furthermore, we have explicitly shown that the reducibility between the 
constraints in the resulting gauge invariant Lagrangian comes from the ab- 
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sence of the Q° term, which naturally arises in analyzing the model's sym- 
plectic structure. Requiring the gauge invariance of the total Lagrangian, we 
have successfully recovered it and thus have obtained the full gauge transfor- 
mations consistently, while showing that all the zero modes solutions are not 
linearly independent, i.e., there exists the first-stage reducible trivial zero 
mode. 

Similar to the symplectic Lagrangian embedding, we have shown in the 
BFT Hamiltonian embedding that the reducibility between the constraints 
is also related to the Q° component, and have successfully reconstructed 
the Lorentz covariant gauge embedded Lagrangian by using the delta func- 
tional of the Q° field in the path integral measure. However, in this scheme 
which carries out the rigorous converting procedure from the second-class 
constraints to the effective first-class ones, due to the appearance of the con- 
straints Qi, Qij in Eq. (4.6) originated from the symplectic structure of the 
theory, we can not keep the Lorentz covariance as seen in the new type of the 
WZ Lagrangian. Nevertheless, we have shown that the total action includ- 
ing the NWZ action is invariant under the extended gauge transformations. 
Compared with this, since in the symplectic Lagrangian embedding we do 
not need to classify the constraints as the second-, or the first-, we could 
freely require the Lorentz covariance without any inconsistency. In short, 
gauge embedded extension in the symplectic scheme is only related with the 
Lorentz covariant action while the usual symplectic scheme concerns only 
with true constraints. 

Finally, the method followed by this work is worthwhile in itself be- 
cause there is no known systematic method yet except the simplest one-form 
cases [12, 13, 14]. In this respect, we have newly generalized the symplectic 
Lagrangian embedding procedure to include highly non-trivial tensor fields 
which exhibit, for example, the existence of the first-stage reducible trivial 
zero mode among the others related to the reducibility of theory. 

The work of YWK was supported by the Korea Research Foundation, 
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KOSEF, Grant No. R01-2000-000-00022-0. 
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